Computer holography is a subject of interest to a small but increasing number of researchers. This paper briefly describes the concept and history of computer holography, how it works, and its possible applications. Also presented are the recent approaches to computer holography developed at Stanford University, and a procedure for synthesizing this new class of computer holograms. These new on -axis holograms are very efficient both in their use of reconstruction light and in their use of display resolution elements during synthesis. They keep the advantages of the kinoform, a previous approach by IBM, but do not have its limitations. One approach makes use of color reversal film, such as Kodachrome II. Another approach only requires phasetransmittance material, but preserves both amplitude and phase information. Experimental results are presented.
INTRODUCTION
In ordinary interferometric holography, the hologram is made by recording the interference pattern of an object complex wave and a phase-coherent reference wave. Upon illumination of the hologram, an image of the original object can be reconstructed.
In synthesizing holograms by a computer, no physical object exists. Instead, one starts with a mathematical description of an object, usually in the form of an array of phasecoherent point sources. The complex wavefront from such an array on a fixed plane some distance away can be computed. If a transparency can be synthesized whose complex transmittance is equal to the computed wavefront on that plane, then upon illumination of such a transparency (or hologram) by a plane wave, light will be modulated by the hologram so that it will emerge exactly as though it came from the object. With this technique, therefore, a visible image can be constructed, in three dimensions if desired, of an object which does not exist physically. The problem, of course, is the realization of *This work was sponsored by National Science Foundation and the Hewlett-Packard Company.
VOL. 13 -NO. 3
the transparency whose transmittance is proportional to a computed complex function.
Black and white film can be used to control the amplitude, or modulus, of a light wave and a bleached film can be used to control the phase of light, due to changes in refractive index and surface relief effects. A transparency of a given complex transmittance can be synthesized by making a "sandwich" of two transparencies, one controlling amplitude and the other the phase. In practice, however, this is seldom done because of the difficulty in obtaining proper registration between the two transparencies. To overcome this problem, many ingenious approaches were devised to represent a complex function by using a recording medium which controls only amplitude or only phase. Some of these are described later on in this paper.
These holograms of non -physical objects are called "synthetic holograms ". Since a digital computer is often used in their synthesis they are sometimes also called "computergenerated holograms ".
FOURIER TRANSFORM HOLOGRAMS
One particularly important class of synthetic holograms is the Fourier transform hologram which essentially contains
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the Fourier transformt of the desired image. Upon illumination of the hologram in front of a lens, the desired image is found one focal length behind the lens. Fourier transform holograms have many superior properties; for example, lateral translation of the hologram produces no change in the intensity distribution of the image, which remains stationary. This property is a direct result of a property of the Fourier transform where translation in one domain is accompanied only by a linear phase shift in the other, without affecting the modulus. Another desirable property of the Fourier transform is its ability to distribute localized disturbances in one domain more or less uniformly in the other. As a result, localized defects of the hologram due to dust particles and scratches do not result in localized blemishes on the image, but rather result in a slight general loss of fidelity of the entire image. By simply repeating the Fourier transform a number of times side by side on the hologram, the image is not repeated, but approaches a sampled version and appears in a dot structure. This last property is particularly useful if the desired image is that of an array of binary data. This discrete dot structure facilitates detection by discrete electronic detection devices such as photo-diodes, and reduces interference between adjacent data elements. The repeating of the transform increases the redundancy, suppresses the speckle, and increases the signal to noise ratio. Notice also that the increased redundancy is accomplished without an accompanying increase in the number of detection devices in the image domain.
APPLICATIONS OF COMPUTER HOLOGRAMS
The word "hologram" immediately brings to mind threedimensional images; but that is just one of many possible uses for computer-generated holograms. A general wavefront modulator such as a hologram can also be a coherent optical spatial filter, an optical memory, a component in the testing of optical elements, or an optical element itself.
A computer hologram can be made of any one, two or three-dimensional object which can be described mathematically. 1 The description can be a set of equations or a sequence or array of numbers obtained from such things as a scanned photograph or an acoustic microscope. Color images may be obtained by making three color-separation holograms for the red, green and blue information and illuminating them with the respective colors of coherent light.2 The principal drawback is that the large number of resolvable elements in a high quality image, typically 105 or 106 for a two -dimensional picture and many times that for a three -dimensional one, combined with the extra redundancy desirable in a hologram, requires time -consuming and expensive computation and display.
A promising use of computer holograms is for archival storage of data from computer outputs. The data to be stored may exist in core, and in this case the digital Fourier transformation step would represent the only extra step in comparison with writing the data directly on film. The benefits of translation invariance, burst noise resistance and redundancy mentioned earlier make this extra step worthwhile, particularly if the memory is to be machine -read later. The outstanding features of holographic memory are high storage density, quick accessibility due to parallel processing and low cost.
t Strictly speaking it should be the inverse transform. The distinction, however, depends only on the definition of spatial coordinates and is conceptually unimportant.
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The construction of a memory based on computer holography has recently been completed at Radiation, Inc., in Michigan.
Another area in which computer holography has been put to practical use is in the testing of optical elements.3 Manufacturing errors in an optical element can be detected by observing the difference between a wavefront from the optical element and a reference wave in an interferometer. Computer-generated holograms can be used to generate the reference wavefront standard. This is particularly useful in the testing of aspheric surfaces, where the complexity of the wave makes it difficult to synthesize by any other means.
In addition to their use in testing optical elements, computer generated holograms can be the optical elements themselves. Examples of possible uses include computergenerated Fresnel lenses, diffraction gratings, zone plates, and diffusers. With the ability to control amplitude as well as phase transmittance, a whole new class of optical elements is possible, including an imaging device which resolves beyond the diffraction limit.4 Still another application of computer -generated holograms is their use as optical spatial filters. Although many types of coherent optical spatial filters can be optically generated5, computer generation is often the most convenient -and sometimes the only way to make them. Spatial filters find use in image enhancement6, restoration of degraded images7, matched filtering8, and code translation.9 With computergenerated holograms, matched filtering with incoherent illumination is also possib1e.1 O
PREVIOUS APPROACHES
Most display instruments used for synthesizing holograms, such as digital plotters or computer controlled CRT's, have an upper limit to the number of addressable locations, or resolution elements, restricting the ultimate complexity of The early attempts at computer generation of holograms were merely simulations of the process of the optically generated Leith and Upatnieks hologram.11,12,13 The complexity of the computation involving a reference beam, and the large number of display resolution elements needed to encode the resulting high frequency interference fringes made these approaches unattractive.
Perhaps the best known computer-generated hologram, one which departs from a mere simulation of the interferometric hologram, is the detour -phase binary hologram of Brown and Lohmann.14 In this technique exposure control is not critical since only binary amplitude transmittance is required. The method divides the hologram into cells, each one representing a complex Fourier coefficient. Within each cell is an aperture, with its size related to the amplitude and its position within the cell to the phase of the coefficient. When illuminated, the desired image is obtained off -axis in the first diffraction order. In this method, a large number of display resolution elements are used for each Fourier coefficient. Any attempt to reduce the number results in increased amplitude and phase quantization error. There are other variations of the detour -phase binary holograms by Haskell15 as well as gray -level detour -phase holograms by Lee16 and Burkhardt.17 However, they are all off -axis techniques and the Fourier transformt of the desired image. Upon illumination of the hologram in front of a lens, the desired image is found one focal length behind the lens. Fourier transform holograms have many superior properties; for example, lateral translation of the hologram produces no change in the intensity distribution of the image, which remains stationary. This property is a direct result of a property of the Fourier transform where translation in one domain is accompanied only by a linear phase shift in the other, without affecting the modulus. Another desirable property of the Fourier transform is its ability to distribute localized disturbances in one domain more or less uniformly in the other. As a result, localized defects of the hologram due to dust particles and scratches do not result in localized blemishes on the image, but rather result in a slight general loss of fidelity of the entire image. By simply repeating the Fourier transform a number of times side by side on the hologram, the image is not repeated, but approaches a sampled version and appears in a dot structure. This last property is particularly useful if the desired image is that of an array of binary data. This discrete dot structure facilitates detection by discrete electronic detection devices such as photo-diodes, and reduces interference between adjacent data elements. The repeating of the transform increases the redundancy, suppresses the speckle, and increases the signal to noise ratio. Notice also that the increased redundancy is accomplished without an accompanying increase in the number of detection devices in the image domain.
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Another area in which computer holography has been put to practical use is in the testing of optical elements. 3 Manufacturing errors in an optical element can be detected by observing the difference between a wavefront from the optical element and a reference wave in an interferometer. Computer-generated holograms can be used to generate the reference wavefront standard. This is particularly useful in the testing of aspheric surfaces, where the complexity of the wave makes it difficult to synthesize by any other means.
In addition to their use in testing optical elements, computer generated holograms can be the optical elements themselves. Examples of possible uses include computergenerated Fresnel lenses, diffraction gratings, zone plates, and diffusers. With the ability to control amplitude as well as phase transmittance, a whole new class of optical elements is possible, including an imaging device which resolves beyond the diffraction limit. 4 Still another application of computer-generated holograms is their use as optical spatial filters. Although many types of coherent optical spatial filters can be optically generated 5 , computer generation is often the most convenient and sometimes the only way to make them. Spatial filters find use in image enhancement6 , restoration of degraded images7 , matched filtering8 , and code translation. 9 With computergenerated holograms, matched filtering with incoherent illumination is also possible. 10
PREVIOUS APPROACHES
Most display instruments used for synthesizing holograms, such as digital plotters or computer controlled CRT's, have an upper limit to the number of addressable locations, or resolution elements, restricting the ultimate complexity of the hologram as expressed by the space-bandwidth product. A very important parameter in the synthesis of holograms is therefore the number of such resolution elements required for encoding each Fourier coefficient in a Fourier transform hologram.
The early attempts at computer generation of holograms were merely simulations of the process of the optically generated Leith and Upatnieks hologram. 1 1 »12,13 j^g complexity of the computation involving a reference beam, and the large number of display resolution elements needed to encode the resulting high frequency interference fringes made these approaches unattractive.
Perhaps the best known computer-generated hologram, one which departs from a mere simulation of the interferometric hologram, is the detour-phase binary hologram of Brown and Lohmann. 14 In this technique exposure control is not critical since only binary amplitude transmittance is required. The method divides the hologram into cells, each one representing a complex Fourier coefficient. Within each cell is an aperture, with its size related to the amplitude and its position within the cell to the phase of the coefficient. When illuminated, the desired image is obtained off-axis in the first diffraction order. In this method, a large number of display resolution elements are used for each Fourier coefficient. Any attempt to reduce the number results in increased amplitude and phase quantization error. There are other variations of the detour-phase binary holograms by Haskell 15 , as well as gray-level detour-phase holograms by Lee 16 and Burkhardt. 17 However, they are all off-axis techniques and the light diffracted to the desired image is typically about 1% of that incident on the hologram.
Another well -known wave -front reconstruction device is the kinoform18 which is not a hologram in the sense that the totality (holo) of an amplitude and phase information is not preserved. For the kinoform, the Fourier (or Fresnel) transform amplitude information is discarded under the assumption that for a "well-diffused" object, the transform amplitude can be approximated by a constant. Accordingly, the kinoform is a transparency whose phase transmittance is the transform phase and whose amplitude transmittance is unity. Since there is no general method to diffuse any given object perfectly, significant loss of fidelity often results from the amplitude quantization.
There are other computer -generated holograms described in the literature. The interested reader is referred to two survey papers on the subject19,20 as well as a chapter of the tex t Optical Holography. 21 
RECENT APPROACHES
Despite its fidelity problem, the kinoform has many advantages. It is efficient in its use of display resolution elements, each one of which can generate a Fourier coefficient (without amplitude). Also, all incident light on the kinoform is diverted to one useful image, and the efficiency is ideally 100 %. Our work at Stanford University has been directed at making holograms which retain most of the advantages of the kinoform, but remove its limitations.
ROACH
One of our approaches is to seek a hologram material which not only controls the phase, as with bleached film, but adds amplitude control without having to align two transparencies. The referenceless on -axis complextt hologram22 (ROACH) uses multi -emulsion film, such as Kodachrome II, in which different layers can be exposed independently by light of different colors. Upon illuminating with light of a given color, one layer will absorb, while the other two layers will be predominantly transparent, but will cause phase shifts due to variations in film thickness and refractive index fi t The word "complex" here refers to the transmittance of film which simultaneously controls amplitude by absorption and phase through film thickness variation.
and phase, can be controlled at each point, only one resolvable element is needed to encode one complex Fourier coefficient. In the reconstruction, there are no conjugate images or central -order spot, so the efficiency is high.
To make a ROACH for reconstruction with, for example, the red 632.8 nm light from a helium -neon laser, we simply expose the amplitude pattern with red light since only the red -sensitive layer will absorb red after processing, and expose the phase pattern with blue -green light to generate the relief pattern. The red exposure is calculated to give a final amplitude transmittance to red proportional to the amplitude of the transform. The blue -green exposure is computed to give a final density to blue -green light (which we assume to be linearly related to the phase of red light) proportional to the transform phase, subtracting an appropriate amount to compensate for the undesirable relief due to the amplitude pattern. Detailed experimental procedure is given later in this paper.
The hologram constructed with this method is simply a kinoform with amplitude control. The improvement due to amplitude control can be seen by comparing the kinoform and ROACH reconstruction in Figure 2 . The non -uniformity of the dot intensities in the kinoform reconstruction shown in Figure 2a is due primarily to the loss of the hologram amplitude information.
SPECTRUM SHAPING METHODS
Another approach for improving the kinoform is by encoding or modifying the computed Fourier transform mathematically in such a way that each element has the same amplitude, with various phases. Thus, a hologram with effective amplitude and phase control can be synthesized with a phase -only transparency. Unlike the kinoform, the hologram phase is now no longer equal to the transform phase, but modulated in accordance with the transform amplitude. The reconstruction is the optical Fourier (inverse) transform of this modified array. This procedure is illustrated in the block diagram of Figure 3 . Here f represents the data array. After a fast -Fourier transform (FFT) digital processing step, the complex transform array F is obtained which is then encoded to give the modified array H. H has uniform modulus and the hologram I is synthesized whose phase transmittance is made equal to the phase of H. The array h represents the field reconstructed from the hologram although only the magnitude image is observable. Immediately, the question is raised that since H is different from F, then h is different from f; in other words, the reconstructed image is other than the one desired. The key to success, however, lies in the fact that h contains all the elements of f, uncorrupted, together with some extraneous "parity" elements introduced by the modification of the Fourier spectrum. Their locations are clearly separated from those of the data and can be ignored. Also, these parity elements act as a light ballast, drawing light into or away from the data in such a manner that the intensity of each data bit is constant, regardless of the number of "on" bits in the array. Alternatively, if constant intensity is not important, one can design for maximum efficiency.
There are many ways of encoding the Fourier transform to achieve data and parity separation. We shall describe two methods used in our experiments. the light diffracted to the desired image is typically about 1% of that incident on the hologram. Another well-known wave-front reconstruction device is the kinoform *8 which is not a hologram in the sense that the totality (holo) of an amplitude and phase information is not preserved. For the kinoform, the Fourier (or Fresnel) transform amplitude information is discarded under the assumption that for a "well-diffused" object, the transform amplitude can be approximated by a constant. Accordingly, the kinoform is a transparency whose phase transmittance is the transform phase and whose amplitude transmittance is unity. Since there is no general method to diffuse any given object perfectly, significant loss of fidelity often results from the amplitude quantization.
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RECENT APPROACHES
Despite its fidelity problem, the kinoform has many advantages. It is efficient in its use of display resolution elements, each one of which can generate a Fourier coefficient (without amplitude). Also, all incident light on the kinoform is diverted to one useful image, and the efficiency is ideally 100%. Our work at Stanford University has been directed at making holograms which retain most of the advantages of the kinoform, but remove its limitations.
ROACH
One of our approaches is to seek a hologram material which not only controls the phase, as with bleached film, but adds amplitude control without having to align two transparencies. The referenceless on-axis complextt hologram22 (ROACH) uses multi-emulsion film, such as Kodachrome II, in which different layers can be exposed independently by light of different colors. Upon illuminating with light of a given color, one layer will absorb, while the other two layers will be predominantly transparent, but will cause phase shifts due to variations in film thickness and refractive index (Figure 1 ). Since the complex transmittance, both amplitude ttThe word "complex" here refers to the transmittance of film which simultaneously controls amplitude by absorption and phase through film thickness variation.
and phase, can be controlled at each point, only one resolvable element is needed to encode one complex Fourier coefficient. In the reconstruction, there are no conjugate images or central-order spot, so the efficiency is high.
To make a ROACH for reconstruction with, for example, the red 632.8 nm light from a helium-neon laser, we simply expose the amplitude pattern with red light since only the red-sensitive layer will absorb red after processing, and expose the phase pattern with blue-green light to generate the relief pattern. The red exposure is calculated to give a final amplitude transmittance to red proportional to the amplitude of the transform. The blue-green exposure is computed to give a final density to blue-green light (which we assume to be linearly related to the phase of red light) proportional to the transform phase, subtracting an appropriate amount to compensate for the undesirable relief due to the amplitude pattern. Detailed experimental procedure is given later in this paper.
The hologram constructed with this method is simply a kinoform with amplitude control. The improvement due to amplitude control can be seen by comparing the kinoform and ROACH reconstruction in Figure 2 . The non-uniformity of the dot intensities in the kinoform reconstruction shown in Figure 2a is due primarily to the loss of the hologram amplitude information.
SPECTRUM SHAPING METHODS
Another approach for improving the kinoform is by encoding or modifying the computed Fourier transform mathematically in such a way that each element has the same amplitude, with various phases. Thus, a hologram with effective amplitude and phase control can be synthesized with a phase-only transparency. Unlike the kinoform, the hologram phase is now no longer equal to the transform phase, but modulated in accordance with the transform amplitude. The reconstruction is the optical Fourier (inverse) transform of this modified array. This procedure is illustrated in the block diagram of Figure 3 . Here f represents the data array. After a fast-Fourier transform (FFT) digital processing step, the complex transform array F is obtained which is then encoded to give the modified array H. H has uniform modulus and the hologram H is synthesized whose phase transmittance is made equal to the phase of H. The array h represents the field reconstructed from the hologram although only the magnitude image |h| is observable.
Immediately, the question is raised that since H is different from F, then h is different from f; in other words, the reconstructed image is other than the one desired. The key to success, however, lies in the fact that h contains all the elements of f, uncorrupted, together with some extraneous "parity" elements introduced by the modification of the Fourier spectrum. Their locations are clearly separated from those of the data and can be ignored. Also, these parity elements act as a light ballast, drawing light into or away from the data in such a manner that the intensity of each data bit is constant, regardless of the number of "on" bits in the array. Alternatively, if constant intensity is not important, one can design for maximum efficiency.
There are many ways of encoding the Fourier transform to achieve data and parity separation. We shall describe two methods used in our experiments. The first is simply called the parity sequence method. 23 If -jfn q j-is an NXQ data array whose complex Fourier transform'is jFm p >, also NXQ in size, then we encode |Fx to generate a 2NX2Q hologram ... The constant A is a parameter which can be chosen to tradeoff fidelity and efficiency. For A = IFm,plmax, one can ideally obtain 100% fidelity of data, but a significant proportion of light energy may go toward the parity sequences as compared with the energy in the data. As A is lowered, one obtains more light to the data at the expense of parity elements, but increased loss of data fidelity can be observed as A is lowered too much. For constant intensity per bit, however, A should be a constant for all arrays. As A approaches zero, the resulting hologram is simply the kinoform, which is a limiting case of maximum efficiency for minimum fidelity in the trade -off.
In the reconstruction, the image is represented by a 2NX2Q array hn The original data .{f }can be found in locations given by h2n 2q = fn,q
The parity elements are located at h2n +1,2q +1 = Pn,q (5) (6) and can also be easily computed in advance, if desired. In addition, it can be shown using the inverse Fourier transform that h2n+1,p = hp,2 q+l = 0 (7) Figures 4a and 4b show the pattern for a 3X 3 data array and the reconstructed (6X6) array. The alternating sign of am ,p in Equations 2 and 3 effectively insures that the parity elements immediately next to the data elements are weak. 
Figure 3. Block diagram representation of the synthesis and reconstruction of a computer-generated hologram involving coding of the Fourier spectrum.
The constant A is a parameter which can be chosen to tradeoff fidelity and efficiency. For A = |Fm> p! max , one can ideally obtain 100% fidelity of data, but a significant proportion of light energy may go toward the parity sequences as compared with the energy in the data. As A is lowered, one obtains more light to the data at the expense of parity elements, but increased loss of data fidelity can be observed as A is lowered too much. For constant intensity per bit, however, A should be a constant for all arrays. As A approaches zero, the resulting hologram is simply the kinoform, which is a limiting case of maximum efficiency for minimum fidelity in the trade-off.
In the reconstruction, the image is represented by a 2NX2Q array hn q . The original data |fn q lean be found in locations given by h2n,2q = fn,q
The parity elements are located at h 2n+l,2q+l ~ Pn,q (6) and can also be easily computed in advance, if desired. In addition, it can be shown using the inverse Fourier transform that 
h2n+l,p ~hp,2q+l
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Figures 4a and 4b show the pattern for a 3X3 data array and the reconstructed (6X6) array. The alternating sign of O^p in Equations 2 and 3 effectively insures that the parity elements immediately next to the data elements are weak. Figure 5 shows a reconstruction from such a hologram. Note that the data pattern and the parity elements are offset from each other by one space and can clearly be distinguished.
Another coding method is the synthetic coefficient where we code as follows: where f and p are the data and parity elements, respectively. Because of the sine type coefficient of the parity elements {p }, they are suppressed near the origin, while the data is multiplied by a cosine type function and is strongest in this region. Hence, the data is reconstructed with good fidelity near the origin and surrounded by parity elements in the outer field region. This is confirmed in Figure 6 , which shows an actual reconstruction of a hologram synthesized by this method.
. r. For all three holograms discussed, it is advantageous to introduce arbitrary phases to the object array to improve efficiency by lowering the spectrum dynamic range. This is analogous to diffusion with ground -glass in ordinary interferometric holography. The phases may be selected randomly, iteratively through numerical methods25, or deterministically. 26
SYNTHESIS PROCEDURE
To synthesize phase -only holograms as well as ROACHs, we expose Kodachrome II directly from a computercontrolled CRT and have the film processed by Eastman Kodak. The combination of one -step synthesis and dependable commercial processing is a convenient way to make computer holograms. Since we use red 632.8 nm helium -neon laser illumination to reconstruct the image, the phase information is displayed on the CRT and photographed through a blue -green filter. In a second exposure, the amplitude information is displayed and photographed through a red filter. For phase -only holograms, in which the amplitude is constant, this re-exposure step is more economically accomplished by photographing a uniformly illuminated surface through a red filter. Determination of the correct exposure to achieve a desired complex transmittance requires a calibration procedure described here in detail.
INITIAL PREPARATION
We control exposure by the length of time that the CRT beam is turned on at each point. To minimize exposure times, the highest intensity that will not damage the phosphor is
where where f and p are the data and parity elements, respectively. Because of the sine type coefficient of the parity elements |pK they are suppressed near the origin, while the data is multiplied by a cosine type function and is strongest in this region. Hence, the data is reconstructed with good fidelity near the origin and surrounded by parity elements in the outer field region. This is confirmed in Figure 6 , which shows an actual reconstruction 'of a hologram, synthesized by this method.
Figure 6. Image reconstruction from a synthetic coefficient hologram. Again, only phase-transmit ting material is needed.
For all three holograms discussed, it is advantageous to introduce arbitrary phases to the object array to improve efficiency by lowering the spectrum dynamic range. This is analogous to diffusion with ground-glass in ordinary interferometric holography. The phases may be selected randomly, iteratively through numerical methods25 , or deterministically. 26 
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OPTICAL ENGINEERING-MAY/JUNE 1974 determined. To get consistent results, we measure the spot brightness directly with a light meter after the CRT is fully warmed up.
The ideal display is a grid of adjoining squares with uniform illumination over each of the squares and no gaps between the squares; thus, the X and Y scales on the CRT are adjusted so that adjoining lines just overlap. One of two additional methods may be employed to approximate the ideal: the electron beam may be slightly defocused so the spot attains a square shape; or four adjoining positions (in a 2X 2 square) may be used to represent one coefficient. The latter method, however, reduces the number of available display positions by a factor of four.
The distance from the camera to the CRT is determined so that the finest detail is recorded at spatial frequencies lower than 50 lines /mm, in order not to exceed the resolution of the film. We have used only 20 lines /mm. To minimize exposure time, the widest lens opening should be chosen so that the finest detail can still be resolved. The CRT is shielded from room light with a cardboard tube.
Since both the blue -sensitive and the green-sensitive layers contribute after processing to the phase information, it is desirable to choose a color "phase" filter that exposes both layers about equally. Thus, both layers can be simultaneously exposed in the linear parts of their density vs. log of exposure (H &D) curves. In addition, ROACHs require the red -sensitive layer to be relatively unexposed by the phase -controlling exposure in order to avoid exposure cross talk. For type P31 phosphor, Wratten filter No. 38A satisfies these requirements. Similarly, a red filter for the amplitude -controlling exposure is required that leaves the blue and green-sensitive layers unexposed. Wratten filters No. 26 and 92 are found to be satisfactory. If the available CRT phosphor were to emit predominantly blue or green, then just the one layer can be used to control the phase. A "white" phosphor is most desirable. The relative exposures of the three layers can be determined by numerical integration over the product of the CRT phosphor's spectral curve, filter spectral transmittance curve, and film spectral sensitivity curve. A visual idea of the effect of a given filter can also be obtained simply by looking at the light from the CRT through it. Naturally, if the hologram is to be illuminated by a color other than red, then a different set of filters is required. For phase -only holograms, the processed red -absorbing layer should be as transparent as possible, implying that the red -sensitive layer must be heavily exposed selectively. We accomplish this by photographing a uniformly illuminated white piece of paper through a deep red (Wratten No. 92) filter, using eight times the exposure indicated by an unfiltered meter reading from the white paper.
ESTABLISHING THE PHASE -CONTROLLING EXPOSURE
A gray scale is displayed and photographed using the parameters and phase filter determined previously. Then the film is rewound in the camera and re-exposed to red light. The resulting densities to blue and green light are measured, and H &D curves are plotted to determine Emin, the minimum exposure at which both the blue and green H &D curves start to become linear. Assuming that phase excursions are linear with density27, we expose over the linear part of the H &D curve. The more heavily exposed parts of Kodachrome II are thinner, giving positive phase. If an exposure range Emin to Emax gives 27r phase, then the exposure E for a phase i is given by or log E = log Emin + log (Emax /Emin) ' 0/27r (11) E = Emin ( Emax/Emin 0/ 2 7r (12) Determination of the value of Emax corresponding to 27r phase, the "phase matching" condition, can be accomplished by displaying and photographing a series of patterns through the phase filter, with exposure ranges Em in to various Emax; the film then is re-exposed to red light. The pattern displayed should be one with a known diffraction pattern, such as a sawtooth or sine wave pattern or a phase -only hologram.
Emax is determined by observing which hologram's image is nearest to the desired result. For a sawtooth pattern, which is nothing more than a prism modulo 27r, phase-matching occurs when the maximum intensity is diffracted into the first order. For phase-matching, log(Emax /Em is is found to be approximately 0.7 if both the blue and the green-absorbing layers are used. After this step, phase holograms can be made using the filters and the values of Em in and Emax determined in the calibration procedure.
ADDING AMPLITUDE CONTROL FOR ROACHs
The desired amplitude transmittance tr is obtained by dividing the calculated amplitude A by a normalizing constant Amax so that tr is less than 1.0 everywhere. By displaying and photographing gray scales through the red filter, the H &D curve for red light can be obtained. The exposure Er needed to get a desired amplitude transmittance tr is determined from the H &D curve using the relation Dr-Drmin--log tÌ=-2 log tr, (13) where Drmin is the density to red for the maximum exposure Ermax. If, for simplicity, only the linear part of the H &D curve is used, then or log Er = log Ermax + B log tr (14) B Er -Ermax tr (15) where B = 2(log Ermax -log Ermin) /(Drmax -Drmin) and is the density corresponding to the minimum exposure, Drmax Ermin Unfortunately, by adding amplitude information, we also add some undesired phase effects. If we assume that the phase contributed by the red -absorbing layer is also linear with its density, we can compensate for this phase by subtracting an appropriate amount from the computed phase exposure by replacing Equation 11 with log E = log Emin + (0/27r) log(Emax /Emin) -ßlog (Er/Ermin). determined. To get consistent results, we measure the spot brightness directly with a light meter after the CRT is fully warmed up. The ideal display is a grid of adjoining squares with uniform illumination over each of the squares and no gaps between the squares; thus, the X and Y scales on the CRT are adjusted so that adjoining lines just overlap. One of two additional methods may be employed to approximate the ideal: the electron beam may be slightly defocused so the spot attains a square shape; or four adjoining positions (in a 2X2 square) may be used to represent one coefficient. The latter method, however, reduces the number of available display positions by a factor of four.
The distance from the camera to the CRT is determined so that the finest detail is recorded at spatial frequencies lower than 50 lines/mm, in order not to exceed the resolution of the film. We have used only 20 lines/mm. To minimize exposure time, the widest lens opening should be chosen so that the finest detail can still be resolved. The CRT is shielded from room light with a cardboard tube.
Since both the blue-sensitive and the green-sensitive layers contribute after processing to the phase information, it is desirable to choose a color "phase" filter that exposes both layers about equally. Thus, both layers can be simultaneously exposed in the linear parts of their density vs. log of exposure (H&D) curves. In addition, ROACHs require the red-sensitive layer to be relatively unexposed by the phase-controlling exposure in order to avoid exposure cross talk. For type P31 phosphor, Wratten filter No. 38A satisfies these requirements. Similarly, a red filter for the amplitude-controlling exposure is required that leaves the blue and green-sensitive layers unexposed. Wratten filters No. 26 and 92 are found to be satisfactory. If the available CRT phosphor were to emit predominantly blue or green, then just the one layer can be used to control the phase. A "white" phosphor is most desirable. The relative exposures of the three layers can be determined by numerical integration over the product of the CRT phosphor's spectral curve, filter spectral transmittance curve, and film spectral sensitivity curve. A visual idea of the effect of a given filter can also be obtained simply by looking at the light from the CRT through it. Naturally, if the hologram is to be illuminated by a color other than red, then a different set of filters is required.
For phase-only holograms, the processed red-absorbing layer should be as transparent as possible, implying that the red-sensitive layer must be heavily exposed selectively. We accomplish this by photographing a uniformly illuminated white piece of paper through a deep red (Wratten No. 92) filter, using eight times the exposure indicated by an unfiltered meter reading from the white paper.
ESTABLISHING THE PHASE-CONTROLLING EXPOSURE
A gray scale is displayed and photographed using the parameters and phase filter determined previously. Then the film is rewound in the camera and re-exposed to red light. The resulting densities to blue and green light are measured, and H&D curves are plotted to determine Emin , the minimum exposure at which both the blue and green H&D curves start to become linear.
Assuming that phase excursions are linear with density 27 , we expose over the linear part of the H&D curve. The more heavily exposed parts of Kodachrome II are thinner, giving positive phase. If an exposure range E m jn to E max gives 27T phase, then the exposure E for a phase 0 is given by log E = log E min + log (E max /E min ) 0/27T (11) or (12) Determination of the value of Emax corresponding to 27T phase, the "phase matching" condition, can be accomplished by displaying and photographing a series of patterns through the phase filter, with exposure ranges E min to various Emax ; the film then is re-exposed to red light. The pattern displayed should be one with a known diffraction pattern, such as a sawtooth or sine wave pattern or a phase-only hologram. Emax is determined by observing which hologram's image is nearest to the desired result. For a sawtooth pattern, which is nothing more than a prism modulo 2?r, phase-matching occurs when the maximum intensity is diffracted into the first order. For phase-matching, l°g(E max /E min ) is found to be approximately 0.7 if both the blue and the green-absorbing layers are used. After this step, phase holograms can be made using the filters and the values of E min and E max determined in the calibration procedure.
ADDING AMPLITUDE CONTROL FOR ROACHs
The desired amplitude transmittance t r is obtained by dividing the calculated amplitude A by a normalizing constant Amax so that tr is less than 1.0 everywhere. By displaying and photographing gray scales through the red filter, the H&D curve for red light can be obtained. The exposure Er needed to get a desired amplitude transmittance tr is determined from the H&D curve using the relation = (13) where Drmin is the density to red for the maximum exposure Ermax . If, for simplicity, only the linear part of the H&D curve is used, then (H) or F = F t nr rmax r r (15) where B = 2(log Ermax -log Ermin )/(DrmaxDrmax is the density corresponding to the minimum exposure, Ermin . Unfortunately, by adding amplitude information, we also add some undesired phase effects. If we assume that the phase contributed by the red-absorbing layer is also linear with its density, we can compensate for this phase by subtracting an appropriate amount from the computed phase exposure by replacing Equation 11 with log E = log E min + (0/27T) log(Emax /E min ) -/5log(E r /Ermin ).
If computed log E is less than log Emin, then log(Emax /Emin) is added to log E in order to preserve the phase modulo 27r. The factor ß is determined experimentally and was found to be about 0.25.
Finally, since the calibration procedure we used is only approximate, one parameter at a time was varied to converge on the best set of exposure parameters. In particular, ROACHs should be made with half and double the exposures indicated by Equation 14 . Once a good set of exposure parameters is found, ROACHs can be made dependably since highly repeatable commercial processing is available.
CONCLUSION
In this paper we have discussed new ways to generate computer holograms that are highly efficient, both in the use of the display device in synthesis and in the use of light in reconstruction. We have also described our synthesis procedure and practical advice for making these computer holograms.
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If computed log E is less than log Emin , then log(E max /E min ) is added to log E in order to preserve the phase modulo 27T. The factor ]3 is determined experimentally and was found to be about 0.25.
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